ABSTRACT: A finite-volume hyperbolic 3-manifold geometrically bounds if it is the geodesic boundary of a finite-volume hyperbolic 4-manifold. We construct here the first example of non-compact, finite-volume hyperbolic 3-manifold that geometrically bounds. The 3-manifold is the complement of a link with eight components, and its volume is roughly equal to 29.311.
Introduction
The problem of understanding which hyperbolic 3-manifolds bound geometrically hyperbolic 4-manifolds dates back to work of Long and Reid [4] , [5] . The first example of closed geometrically bounding 3-manifold was constructed by Ratcliffe and Tschanz in [6] . More recent progress in this problem is due to Kolpakov, Martelli and Tschanz [3] . The setup is the following: Definition 1.1. Let X be a complete finite-volume hyperbolic 4-manifold with one totally geodesic boundary component M . We say that M bounds geometrically the manifold X .
This definition naturally extends the definition of Long and Reid [4] , which applies to compact manifolds, to the non-compact case. In this setup, some of the flat cusp sections of X will have totally geodesic boundary components corresponding to cusp sections of the bounding manifold M . Note that the ambient manifold X may have closed cusp sections which are disjoint from the geodesic boundary M .
Even though it is known that every closed 3-manifold is the boundary of a compact 4-manifold, Long and Reid [4] show that there are closed hyperbolic 3-manifolds which do not bound geometrically compact hyperbolic 4-manifolds, therefore the property of being a geometric boundary is nontrivial. We prove here the following:
Theorem 1.2. The complement of the link in figure 1 is hyperbolic. It is tessellated by eight regular ideal hyperbolic octahedra, and bounds geometrically a hyperbolic 4-manifold X which is tessellated by two regular ideal hyperbolic 24-cells.
At the best of our knowledge, this is the first example of non-compact, geometrically bounding, hyperbolic 3-manifold. Moreover, it is the one with lowest volume, which is roughly equalt to 29.311 (the smallest closed one known has volume 68.899 [3] ). In section 3 we will build the ambient manifold X by taking two copies of the regular ideal hyperbolic 24-cell, and pairing 40 of their 48 total octahedral facets. The remaining 8 facets will be glued together along their boundaries to produce the bounding manifold M . In section 4 we will use Kirby calculus to build a presentation of M as the complement of a link with eight components.
Hyperbolic 3-manifolds from triangulations
In this chapter we will give a brief overview of a construction contained in [1] , which allows us to build a large family of hyperbolic 3-manifolds.
Consider the regular euclidean octahedron O, which is the convex hull in R 3 of the points (±1, 0, 0), (0, ±1, 0) and (0, 0, ±1). The octahedron O has eight 2-dimensional triangular faces, each lying in an affine plane of equation ±x 1 ± x 2 ± x 3 = 1. Notice that these faces have a red/blue checkerboard coloring, so that each edge of O is adjacent to triangles of different colors.
Definition 2.1. The octahedron O has a realization as a hyperbolic polytope which is obtained in the following way:
1. Normalize the the coordinates of the vertices v i , i = 1, . . . , 6 of O so that they lie in the unit sphere S 2 ⊂ R 3 .
2. Interpret S 2 as the boundary ∂H 3 of hyperbolic space.
3. Consider the convex envelope in H 3 of the points v 1 , . . . , v 6 .
The convex subset of H 3 that we obtain is the regular ideal hyperbolic octahedron O. Each of the four boundary components of B is obtained by gluing two copies of a hyperbolic ideal triangle along the boundary via the identity map, therefore it is a sphere with three punctures. Moreover B has six cusps which all have the same shape, namely a flat annulus of length two and width one (up to homothety).
There is a combinatorial equivalence between certain strata of the octahedron O and those of a regular euclidean tetrahedron T . To see this, notice that it is possible to build an octahedron from a tetrahedron T by truncating T and enlarging the truncated regions until they become tangent at the midpoints of the edges. We can recover the checkerboard coloring, by declaring the truncation faces to be red, and those contained in the faces of T to be blue. As shown in Figure 2 , the following correspondences hold:
1. {Vertices of T } ↔ {Red faces of O}; 2. {Edges of T } ↔ {Vertices of O}; 3. {Faces of T } ↔ {Blue faces of O}.
Since the Minsky block B is the double along the red faces of a regular ideal hyperbolic octahedron O, the correspondences above induce the following correspondences between strata of B and T :
1. {Edges of T } ↔ {Cusps of B}.
{Faces of T } ↔ {Boundary components of B};
Proposition 2.3. There is an isomorphism φ between the symmetry group of the tetrahedron T and the group of orientation-preserving isometries of the block B.
Proof. Every isometry of B preserves its tessellation into regular ideal hyperbolic octahedra O 1 and O 2 . There is an orientation-reversing involution j of B which exchanges the two ideal octahedra O 1 and O 2 , induced by the identity map on O. Every orientation-preserving isometry of B can be brought, composing it with j if necessary, to fix the octahedra O i , i = 1, . . . , 2. This induces a symmetry of the regular octahedron O which preserves the red/blue coloring of its triangular faces. Such a symmetry of O is induced by a unique symmetry of the tetrahedron T . This construction defines the map φ, which is easily seen to be an isomorphism. A consequence of the correspondences above is that a set of simplicial pairings between the facets of n copies of the tetrahedron T encodes a set of gluings between the boundary components of n copies of the Minsky block B, allowing us to produce a hyperbolic 3-manifold from the simple data of a 3-dimensional triangulation.
where n is a positive natural number, the ∆ i 's are copies of the standard tetrahedron, and the g j 's are a complete set of simplicial pairings between the 4n faces of the ∆ i 's. The triangulation is orientable if it is possible to choose an orientation for each tetrahedron ∆ i so that all pairing maps between the faces are orientation-reversing.
) be an orientable triangulation as in Definiton 2.4. We associate to each ∆ i a copy B i of the Minsky block B. A face pairing g j between triangular faces F and G of tetrahedra ∆ i and ∆ j determines a unique orientation-reversing isometry φ j between the boundary components of B i and B j corresponding to F and G, by the condition that their cusps are paired accoding to the pairing of the edges of T . We denote the manifold obtained by pairing the boundary components of the blocks B 1 , . . . , B n via the isometries φ 1 , . . . , φ 2n by M T . Proposition 2.6. The manifold M T constructed from a triangulation T as in Definition 2.5 is an orientable cusped hyperbolic manifold of finite volume.
Proof. The manifold M T is clearly a noncompact manifold with empty boundary. Let us view it as the result of a gluing of regular ideal hyperbolic octahedra. We have a hyperbolic structure on the complement of the 1-skeleton and we need to check that it extends around the edges. Following chapter 4 of [9] , this is equivalent to showing that the horoball sections of the vertex links of the blocks B i , which are flat annuli of length two and width one, glue together to give a closed flat surface. The result of the glueings is to concatenate these annuli along their boundary components, producing a flat torus. The volume of M T is 2n · v O , where n is the number of tetrahedra of the triangulation and v O ≈ 3.664 is the volume of a regular ideal hyperbolic octahedron.
Remark 2.7. The cusps of the manifold M T are in one-to-one correspondence with the edges of the triangulation T , and that the number of annuli which are glued together to build a cusp is equal to the valence of the corresponding edge. Now we will discuss the topological structure of the hyperbolic manifolds constructed from 3-dimensional triangulations. Definition 2.8. A relative handlebody (H, Γ) is an orientable handlebody H with a finite sysytem Γ of disjoint nontrivial loops in its boundary. A hyperbolic structure on (H, Γ) is a finite-volume complete hyperbolic structure on the manifold H \ Γ, such that the boundary ∂H \ Γ is totally geodesic.
Given an orientable 3-dimensional triangulation T = ({∆ i } n i=1 , {g j } 2n j=1 ) as in Definition 2.4, there is a canonical way to associate to T a relative handlebody H T . We begin by considering the support |T | of the triangulation, which is the topological space obtained by glueing the tetrahedra of T according to the face pairings, with its CW-complex structure. Then we remove a regular open neighborhood of its 1-skeleton.
We call H the resulting space, which is a handlebody since it has a handle decomposition obtained from a collection of disjoint balls (corresponding to the tetrahedra of T ) by attaching 1-handles according to the face pairings. The genus of the handlebody is n + 1, where n is the number of tetrahedra of T .
To each edge e of T we associate a simple closed loop in ∂H, corresponding to a simple closed curve in |T | which encircles e. These loops form a system Γ of curves in ∂H, and we define the realtive handlebody H T as the pair (H, Γ).
With a slight abuse of notation, we denote by H \ Γ the complement in H of the curves of Γ. A vital observation is that we can endow H \ Γ with a hyperbolic structure. To do so, we associate to every tetrahedron of T a regular ideal hyperbolic octahedron O i as in Figure 2 and glue the blue faces of the octahedra O i , i = 1, . . . , n, together according to the face pairings of T .
The red faces will glue together along their edges to give the totally geodesic boundary of H \ Γ. Each γ ∈ Γ corresponds to an edge e of T , and to each such edge corresponds an equivalence class of ideal vertices of the octahedra. These vertices are glued together to produce the cusp associated to γ. The shape of the cusp associated to the edge e is that of a flat annulus obtained by identyfing sides of {0} × Proposition 2.9. Given an orientable 3-dimensional triangulation T , the manifold M T is the double of H \ Γ along its boundary, where H T = (H, Γ) is the hyperbolic relative handlebody associated to T .
Proof.
The manifold H \ Γ is built by glueing together the blue faces of a set of regular ideal hyperbolic octahedra. Its boundary is tessellated in a loose sense by the red faces of the resulting complex. The manifold M T is built by glueing together the boundary components of copies of the block B.
Mirroring a regular ideal hyperbolic octahedron O along its red faces produces the block B. The boundary components of B are the doubles of the blue faces of O along the ideal edges. The glueing of these boundary components is obtained by doubling in the obvious way the glueing of the blue faces of O, since both are determined by the face pairings of the triangulation T and the orientation-reversing condition.
Presentations
, we wish to find a presentation of the associated manifold M T as a partially framed link. Definition 2.10. A partially framed link is the data of a link L in S 3 , together with a framing on some (not necessarily all) the components of L.
A partially framed link defines a (possibly non-compact) 3-manifold in the obvious way: we start from the link complement of L and perform a Dehn filling on the framed components, with the coefficients specified by the framing. The components with no framing correspond to non-compact ends of the manifold.
As a consequence of Proposition 2.9, the manifold M T is the complement of a link in a manifold N obtained by mirroring an orientable handlebody H along its boundary. As mentioned before, the handlebody H consists of n 0-handles (one for each tetrahedron of T ), and 2n 1-handles (one for each g j ). The handlebody H has genus n + 1, therefore the manifold N is a connected sum of n + 1 copies of S 2 × S 1 . The boundary of H corresponds to an embedded surface S of genus n + 1 in N .
The manifold N has a presentation as surgery on the trivial n + 1-component link, with all framings equal to zero. This can be easily seen noticing that the Dehn filling on the unknot with zero framing produces S 2 × S 1 as a result.
We can visualize the handlebody H and the surface corresponding to ∂H in this presentation. To do so, we embed the handlebody H in S 3 = R 3 ∪ {∞}, starting from a disjoint union of balls B 1 , . . . , B n in R 3 and connecting them with 1-handles according to the face pairings. We pick a collection of n + 1 one-handles in such a way that removing them from H yields topologically a 3-dimensional ball. We encircle these handles with small zero-framed components. The resulting trivial n + 1 component link, with zero framings on every component, is a presentation of N as mentioned previously. Now we have to describe which curves to remove from N to obtain the cusps of M T . Notice that these curves can be represented as a system A = (a 1 , . . . , a m ) of disjoint nontrivial loops on the surface ∂H as follows. ∂H has an obvious decomposition into a union of n four-holed spheres S 1 , . . . , S n and 2n cylinders S 1 × I connecting their boundary components, induced by the decomposition of H as a union of handles.
Every 4-holed sphere S i corresponds to a tetrahedron of ∆ i of T , and every boundary component of S i corresponds to a face of ∆ i . Two of these 4-holed sphere S i and S j share a boundary component if there is a face pairing g k between the correponding faces of ∆ i and ∆ j The face pairings of g 1 , . . . , g 2n define a way to pick in each S i a complete system of disjoint arcs connecting the boundary components, each arc corresponding to an edge of ∆ i , in such a way that the endpoints of these arcs join along the intersections S i ∩S j . Different choices for these systems of arcs differ by Dehn twists along the curves S i ∩ S j Adding the loops of A to the presentation of the manifold N produces a presentation of the manifold M T as a partially framed link.
Remark 2.11. In the construction of this presentation we have made a number of choices: the embedding of the handlebody H in R 3 , the choice of the one-handles around which we place the framed components of the link and the number of "twists" along the curves S i ∩ S j we use to connect the arcs to build A. All these different choices are related by a sequence of handle slides along zero-framed components.
Example 2.12. Consider the orientable triangulation T obtained by mirroring a tetrahedron T in its boundary. Formally, we take two copies T 1 and T of T , with opposite orientations, and glue them together along their boundary via the identity map. A presentation of the manifold M T associated to this triangulation is given in Figure 3 .
The ambient 4-manifold
In this section, we will construct the ambient 4-manifold X of Theorem 1.2. We begin by describing the 4-dimensional polytope into which it tessellates. 
The 24-cell
The 24-cell C is the only regular polytope in any dimension n ≥ 3 which is self-dual and not a simplex. It is defined as the convex hull in R 4 of the set of points obtained by permuting the coordinates of (±1, ±1, 0, 0).
It has 24 vertices, 96 edges, 96 faces of dimension 2 and 24 facets of dimension 3 which lie in the affine hyperplanes of equations
The dual polytope C * is the convex hull
where G is the set of 8 points obtained by permuting the coordinates of (±1, 0, 0, 0) and R ∪ B is the set of 16 points of the form
with R (resp. B) being the set of 8 points with an even (resp. odd) number of minus signs in their entries. The facets of C are regular octahedra in canonical one-to-one correspondence with the vertices of C * , and are coloured accordingly in red, green and blue. This coloring is natural, every symmetry of the 24-cell C preserves the partition of the vertices of C * into the sets R, B, G, and every permutation of {R, G, B} is realized by a symmetry of C. The vertex figure is a cube, in accordance with self-duality. Notice furthermore that the convex envelope of R ∪ B is a hypercube, while the convex envelope of G is a 16-cell. Being a regular polytope, the 24-cell has a hyperbolic ideal realization, analogous to the one described in Section 2 for the case of the octahedron, which we call hyperbolic ideal 24-cell and denote by C. The vertex figure of the hyperbolic 24-cell is a euclidean cube, therefore all dihedral angles between facets are equal to π/2, which is a submultiple of 2π. The 24-cell is the only regular ideal hyperbolic 4-dimensional polytope which has this property. This allows us to glue isometrically along their facets a finite number copies of the ideal 24-cell so that the local geometric structures on each cell piece together to give a global hyperbolic structure on the resulting non-compact manifold (see [7] and [2] ).
Mirroring the 24-cell
We begin the construction of the hyperbolic 4-manifold X by mirroring a 24-cell along its green facets.
Definition 3.1. The mirrored 24-cell S is the space obtained from two copies C 1 and C 2 of the regular ideal hyperbolic 24-cell C with opposite orientations, by gluing the green facets of C 1 to the green facets of C 2 via the map which corresponds to the identity on C . Proposition 3.2. The mirrored 24-cell S is a non-compact 4-dimensional manifold with boundary. The boundary ∂S decomposes into 16 strata of dimension 3, each isomorphic to the Minky block B of Definition 2.2. These boundary strata intersect at 32 strata of dimension 2, each isomorphic to a sphere with three punctures, with dihedral angle π/2.
Proof. Each boundary 3-stratum is obtained by doubling a red or a blue octahedral facet of C along the triangular faces that separate it from a green octahedral facet. Up to an appropriate choice of the coloring, this is exactly the construction of Definition 2.2. Each boundary 2-stratum is built by mirroring in its boundary edges a triangular 2-stratum of C which separates a red octahedron from a blue one, producing a thrice-punctured sphere.
The cusp section of the manifold S is pictured in Figure 4 . It is obtained by mirroring the cusp section of the 24-cell, which is a Euclidean cube, along a pair of opposite faces (corresponding to the green facets of C). The result is Q × S 1 , where Q is a flat square with sides of length one, and the S 1 factor has length two. The boundary 3-strata naturally correspond to sets of the form I × S 1 , where I is a side of Q and the intersection of any two of these sets in a common edge has indeed angle π/2. There is a natural correpondence between certain strata of the mirrored 24-cell S and of the 24-cell C, described as follows:
1. {Cusps of S} ↔ {Vertices of C} 2. {Red and blue 3-strata of S} ↔ {Red and blue 3-strata of C} 3. {2-strata of S} ↔ {red/blue 2-strata of C} By red/blue 2-stratum we mean a 2-stratum of C which bounds a red facet on one side and a blue facet on the other.
The correpondence just mentioned allows us label the strata of S in the following way:
1. We label each cusp of S with the corresponding vertex of the 24-cell C, namely by a permutation of a 4-uple of the form (±1, ±1, 0, 0), and for brevity we write ± instead of ±1. Notice that there always have to be two 0 entries.
Each red or blue facet of the 24-cell lies in an affine hyperplane of equations
and we label the corresponding 3-stratum of S by the 4-uple of +, − signs in this equation. The red/blue coloring is again determined by the parity of the number of minus signs.
3. A red and a blue facet of C are adjacent along a 2-stratum if and only if their labels differ by the choice of one sign. Replacing this sign by a 0, we see that the red/blue 2-strata of C and the correponding 2-strata of S are naturally labeled by 4-uples of +, −, 0 symbols, with one 0 entry.
Notice that a 3-stratum of S bounds a certain cusp if and only the nonzero entries in the labeling of the cusp coincide with the corresponding +, − entries in the labeling of the 3-stratum.
There is a group G of affine transformations acting on the 24-cell and preserving the coloring of the facets. It is generated by the reflections in the hyperplanes {x i = 0} and the permutations of the coordinates, and is isomorphic to (Z/2Z) 4 ×S 4 . As a consequence of the correpondence between strata mentioned above, it acts also on the mirrored 24-cell S, and we can use it to pair the boundary 3-strata.
Face pairings of the boundary 3-strata
As explained in Proposition 3.2, the 2-strata of the mirrored 24-cell S lie at the intersection of a red and a blue 3-stratum, and the dihedral angle at the intersection is equal to π/2. As a consequence of this fact, any pairing of the blue 3-strata of S "kills" all the 2-strata, producing a hyperbolic manifold with disjoint totally geodesic boundary components, tessellated by the red 3-strata of S. Definition 3.3. We denote by R the manifold obtained from the mirrored 24-cell S = C 1 ∪ C 2 by pairing its blue 3-strata in the following way:
1. ±(+, +, −, +) in C 1 (resp. C 2 ) is paired with ±(+, +, +, −) in C 1 (resp. C 2 ) via the map F (x, y, z, w) = (x, y, w, z).
2. ±(+, −, +, +) in C 1 (resp. C 2 ) is paired with ±(−, +, +, +) in C 1 (resp. C 2 ) via the map G(x, y, z, w) = (y, x, z, w). Proof. The pairing maps are simply permutation of two coordinates. Since they are orientation reversing, R is an oriented 4-manifold with boundary.
To check that it has a complete hyperbolic structure induced from that of S, we need to check that the cusp sections of S glue together into Euclidean manifolds to produce the cusp sections of R. For our purposes, it is convenient to have a graphical representation of the cusp sections of the mirrored 24-cell S. Consider Figure 4 . Notice that each cusp of S is bounded by four 3-strata, two red and two blue. A red and a blue 3-stratum intesect orthogonally in a 2-stratum. By taking a vertical section of parallelepiped of Figure 4 , we obtain a planar representation where the cusp corresponds to a square, the boundary 3-strata correspond to the sides of such square, and the 2-strata correspond to the vertices as in Figure  5 .
The face pairings will induce identifications of the blue edges of the different squares, and we can describe the cusp shapes of R by taking the product of the resulting flat surface with a circumference S 1 of length two.
1. The four cusps labeled ±(+, +, 0, 0) and ±(0, 0, +, +) are fixed by the face-pairing maps. The opposite blue faces of the corresponding squares are identified by the pairing maps to produce a flat cylinder C 1 of width and length equal to one. The cusp shape is a product C 1 × S 1 . We call these the small cusps of the manifold R. Figure 6 . We call these two the medium cusps. The cusp shape is a product C 2 × S 1 , where C 2 is a cylinder of width one and length two.
3. The remaining sixteen cusps of the mirrored 24-cell are identified in four groups of four. In all these four cases, the pairings between the blue boundary components produce the same flat manifold, and one example is shown in Figure 7 . We call these cusps large. The cusp shape is a product C 3 × S 1 , where C 3 is a cylinder of width one and length four. Proposition 3.6. The manifold R of Definition 3.3 has five disjoint totally geodesic boundary components which fall into two isometry classes: there are four small boundary components and one large boundary component.
Proof. The boundary components of R are obtained by glueing together the red 3-strata of the mirrored 24-cell S along their boundary 2-strata. Notice that the red boundary octahedra O i of the 24-cell have a natural green/blue checkerboard coloring on their faces. Suppose f is a 2-dimensional face of O i . The face f will be adjacent to O i and another octahedron O j which will be colored either in green or blue. We color f with the color of O j . Each boundary 3-stratum of S is obtained by mirroring an octahedron O i along its green faces, therefore it is isomorphic to the Minsky block B of Definition 2.2.
The pairings between the blue facets of S induce glueings between the 2-dimensional faces of these boundary 3-strata, producing boundary components whose topology is encoded by triangulations as explained in Section 2.
We begin by considering the 3-strata of S labeled ±(+, +, +, +) and ±(+, +, −, −). For each such 3-stratum, it is easy to check that the four boundary 2-strata are identified in pairs. The resulting 3-manifolds are all isometric, and are obtained from a triangulation T with one tetrahedron. We call these the small boundary components of the manifold R. Let's take a look at the case of the component labeled (+, +, +, +). Its four boundary components are labeled (+, +, +, 0), (+, +, 0, +), (+, 0, +, +) and (0, +, +, +). The pairings are shown below in Figure 8 , together with their behaviour on the cusps.
The triangulation associated to the small boundary components is represented in figure 9 , and is obtained in the following way. Start with one tetrahedron T , and pick a pair of opposite edges a and b, such that a separates face A 1 and A 2 and b separates faces B 1 and B 2 . Identify the faces A 1 and A 2 by the unique orientation reversing map which fixes their common edge, i.e. by "folding" along a, and do the same for B 1 and B 2 . The manifold defined by such triangulation has three cusps. Two are boundary components of a small cusp of R, and one is a boundary component of a large cusp of R.
There is another large boundary component M , obtained by glueing together the four faces labeled ±(+, −, +, −) and ±(+, −, −, +). The glueings are shown in Figure 10 .
We have to determine how the faces are glued together, and this depends on the behaviour of the pairings on the cusps. To do so, we represent each boundary 3-stratum B i with a copy T i of the tetrahedron. Recall that the faces of T i are in one-to-one correspondence with the boundary 2-strata of B i . We assign to the faces of each tetrahedron a number n ∈ {1, 2, 3, 4}, with the rule that to a face is assigned the number n if the label of corresponding boundary 2-stratum has a zero in the nth entry. In each tetrahedron, every face is assigned a different number, and each edge is identified by the couple {i, j} of integers assigned to its two adjacent faces.
Notice that all face pairings identify faces of different tetrahedra T i and T j in a way which preserves their numbering. The map F identifies faces numbered with n ∈ {1, 2}, while G identifies faces numbered with n ∈ {3, 4}. Furthermore the map F (resp. G) identifies the edges labeled {1, 2} (resp. {3, 4}), and there is a unique way to do so in an orientation-reversing way. The resulting triangulation is represented in Figure 11 . Remark 3.8. The large boundary component M of the manifold R has eight cusps, four of which come from boundary components of large cusps of R. They have the cusp shape of a torus obtained by identifying opposite sides of a 2 × 4 rectangle. We call these the large cusps of M . The other four come from boundary components of the medium cusps of R, and they correspond to the edges of the tetrahedra labeled {1, 2} and {3, 4}. Their shape is that of a torus obtained by identifying opposite sides of a square of sidelength two. These are the small cusps of M . The map F pairs the two top faces of the indicated tetrahedra, sending edges labeled {1, 2} to edges labeled {1, 2}, and edges labeled {i, 3} to edges labeled {i, 4} for i = 1, 2. The map G pairs the bottom faces, sending edges labeled {3, 4} to edges labeled {3, 4}, and edges labeled {1, i} to edges labeled {2, i} for i = 3, 4. All pairings are orientation reversing.
Proof. As stated in Proposition 3.6, R has a total of five disjoint totally geodesic boundary components, four of which (the small ones) are isometric to each other, so it suffices to pair these four components together isometrically. We may for instance consider the orientation reversing map K : R 4 → R 4 defined by K(x, y, z, w) = (−y, −x, z, w).
We use it to pair the boundary components of R with labels ±(+, +, +, +) and ±(+, +, −, −), obtaining an orientable 4-manifold X . The hyperbolic structure on R extends to one on X , which has one totally geodesic boundary component isomorphic to M . The manifold X is tessellated by two regular ideal hyperbolic 24-cells, and has volume 2 · v m , where v m = 4π 2 /3 is the volume of the regular ideal hyperbolic 24-cell.
The boundary manifold as a link complement
In this section we will exhibit a presentation of the geometrically bounding manifold M as link complement in S 3 . Recall from Section 2 that it is possible to associate a presentation as a partially framed link to every orientable manifold built from a triangulation T . We have seen in the previous chapter that the geometrically bounding manifold M is constructed from a triangulation T with four tetrahedra as in figure 11 .
The presentation of M as partially framed link L is shown in Figure 12  (top) . The zero-framed components are labeled F i , for i = 1, . . . , 5. The four components labeled y, r, g, b correspond to the large cusps of M , while the components labeled s i , for i = 1 . . . , 4 correspond to the small ones.
We wish to eliminate the framed components F i by applying blowups/downs and handle-slides. We begin by applying a handle-slide of F 5 over F 4 , modifying L to the link of Figure 12 (bottom). For simplicity, we keep calling the F 5 new framed component. Notice that the component labeled r is unlinked from all the framed components except F 5 .
As a second step, we get rid of the framed components F i , for i = 1, . . . , 4. We use the local move represented in Figure 13 . This move can be viewed as a composition of two moves. The first is a twist on an unknotted nonframed component, which does not change the underlying manifold as shown in page 265 of [8] . The second is a topological blow-down.
We apply this local move within that balls which encircle the unknotted framed components F i , i = 0, . . . , 4, twisting in such a way that that clockwise (resp. counterclockwise) half-twists of the coloured components become counterclockwise (resp. clockwise). In other words we choose the twists in order to minimize the linking number of the coloured components.
The result of these moves is shown in Figure 14 . There is just one component, F 5 , with zero framing, so what we have now is a presentation of the manifold M as a link complement in S 2 × S 1 . In fact the components labeled y, r, g, b form a pure braid in a solid torus D 2 × S 1 ⊂ S 2 × S 1 , with the loops s 1 , s 2 , s 3 , s 4 encircling components labeled y, r, b.
The braid formed by the components labeled y, r, g, b is represented in Figure 15 . The braid labeled r winds once around the sub-braid formed by the components y, g, b. As a consequence of this fact, we see that the framed link of Figure 14 is isotopic to the framed link of Figure 16 .
We can now proceed to remove the last framed component. We use a sequence of local moves, which all take place within the region highlighted by a dashed line in Figure 16 . We begin by performing a clockwise twist on the component labeled r, which changes to −1 the framing on F 5 , unlinking it from all the components except the r. A blow-down along F 5 allows us to remove this last framed component. In practice, the removal of the framed component is achieved by a full clockwise twist of the green, blue and yellow components (see Figure 17) .
The result of this move is shown in Figure 18 . As a final step, we apply a counter-clockwise twist along the component labeled r. 
